Departing from the usual paradigm of local operations and classical communication adopted in entanglement theory, here we study the interconversion of quantum states by means of local operations and shared randomness. A set of necessary and sufficient conditions for the existence of such a transformation between two given quantum states is given in terms of the payoff they yield in a suitable class of nonlocal games. It is shown that, as a consequence of our result, such a class of nonlocal games is able to witness quantum entanglement, however weak, and reveal nonlocality in any entangled quantum state. An example illustrating this fact is provided.
gument occurs if nonlocality is measured in terms of private correlations: in this case, public classical communication can be freely allowed [9] .) In the LOSR framework, separated parties are forbidden all sorts of communication, being allowed though to "synchronize" their local operations with respect to a common classical random variable shared in advance. Hence, nonlocal correlations being defined as those correlations that cannot be simulated by shared randomness [10] , nonlocality naturally becomes a resource in the LOSR paradigm.
The resource theory of quantum entanglement, with respect to the resource theory of nonlocality, has received until now much more attention in the literature: correspondingly, many results are known about the interconversion of quantum states by LOCC transformations [7] , while much less is known about the LOSR case [8] . The aim of the present letter is to contribute in bridging this gap, by providing a set of necessary and sufficient conditions for the existence of an LOSR protocol transforming one distributed quantum state into another. Such conditions, rather than algebraic, are operational, in the sense that they are expressed in terms of the payoffs that a quantum state yields in nonlocal games. More precisely, the main result of this letter is to show that one quantum state can be transformed into another by means of an LOSR protocol, if and only if the former yields a higher payoff than the latter for a whole class of nonlocal games, which we call semi-quantum nonlocal games. A remarkable merit of our analysis is to provide a simple and insightful proof of the fact that all entangled quantum states are nonlocal [11] : a corollary of our main result is that any entangled quantum state yields a strictly higher payoff than every separable state, in at least one semiquantum nonlocal game. This general fact will be also illustrated in an explicit example, clarifying how semiquantum nonlocal games are able to faithfully witness entanglement.
Nonlocality ordering.-In order to rigorously state the main result (Prop. 1 below), we first need to introduce some notation and few definitions. In what follows, all quantum systems are finite-dimensional (i.e. their Hilbert spaces, denoted by H, are finite-dimensional) and arXiv:1106.6095v6 [quant-ph] 17 May 2012 index sets (denoted by S, T, X, and Y) contain only a finite number of elements. The convex set of probability distributions defined on an index set X is denoted by P(X). The set of linear operators acting on a Hilbert space H is denoted by L(H). The set of density matrices (i.e. positive semi-definite, trace-one operators) is denoted by S(H) ⊂ L(H).
A random source of states of a quantum system A is represented by an ensemble τ = ({p(s), τ s }; s ∈ S), where p ∈ P(S) and τ s ∈ S(H A ), for all s. Given an outcome set X = {x} and a quantum system A with Hilbert space H A , an X-probability operator-valued measure (X-POVM, for short) on A is a family P = (P x ; x ∈ X) of positive semi-definite operators P x ∈ L(H A ), such that x∈X P x = 1. We denote by M (A; X) the convex set of all X-POVMs on A. A POVM P ∈ M (A; X) induces, via the relation p(x) = Tr[P x ], a linear function P : → P from S(H A ) to P(X). POVMs in M (A; X) are used to model measurements performed on a quantum system A with outcomes in X.
The notion of nonlocal games is of central importance in our discussion (we begin here by considering the bipartite case; the multipartite case follows directly and will be briefly discussed at the end of the paper): Definition 1. The rules of a nonlocal game G nl consist of the following: four index sets S = {s}, T = {t}, X = {x}, and Y = {y}; two probability distributions p ∈ P(S) and q ∈ P(T); a payoff function ℘ : S × T × X × Y → R. A referee picks indices s ∈ S and t ∈ T at random with probabilities p(s) and q(t), and sends them separately to two players, say Alice and Bob, respectively. The two players, without communicating with each other, must compute answers x ∈ X and y ∈ Y, respectively, and send them to the referee, who will then pay them both (i.e. the game is collaborative) an amount equal to ℘(s, t, x, y). (It is understood that a negative payoff means a loss, i.e. the players must pay the referee.) First, the players are told the rules of the game. Knowing the rules, the players are allowed to agree on any strategy and to share any possible (static) resource. Later on, the players and the referee agree to begin the game, and, from that moment on, an implicit rule of all nonlocal games forbids the players to communicate. According to quantum theory then, anything the two players can do is to share a bipartite quantum state AB ∈ S(H A ⊗ H B ) and, depending on the questions s and t they are presented, perform independent measurements on A and B with values in X and Y, respectively.
Imagine now that the state AB shared between Alice and Bob is fixed. It is a well-defined question to ask "how good" is the state AB for playing a given nonlocal game G nl . In order to answer this question, it is convenient to use a mathematical model in which the referee communicates her questions to Alice and Bob by means of a quantum channel. This means that the referee, depending on which questions s ∈ S and t ∈ T she picked, prepares two auxiliary quantum systems A 0 and B 0 , with dimensions dim H A0 |S| and dim H B0 |T|, in the orthonormal states π s := |s s| and π t := |t t|, and sends them to Alice and Bob, respectively. We suppose that the states are transmitted without noise. Since Alice and Bob exactly know which game they are playing and which state they are sharing, the payoff they expect to gain (on average) can be expressed by the following formula:
where µ(x, y|s, t) is the joint conditional probability distribution computed as
, and the maximization is performed over all POVMs P ∈ M (A 0 A; X) and Q ∈ M (BB 0 ; Y).
The function ℘ * ( AB ; G nl ) in (1) measures the "nonlocal utility" of AB in playing a nonlocal game
we say that AB is better than σ A B for playing G nl . By extending this definition to all nonlocal games, we can introduce the following relation:
The above definition can be equivalently reformulated in terms of Bell inequalities [2] as follows. Since it is known that to any nonlocal game there corresponds a Bell inequality and, conversely, to any Bell inequality there corresponds a nonlocal game [12] , we can equivalently say that AB nl σ A B , if and only if AB appears to be more nonlocal than σ A B with respect to all Bell inequalities (or, more precisely speaking, all Bell expressions [13] ).
Local operations and shared randomness.-Let us now turn to the LOSR paradigm within quantum theory (again, we begin with the bipartite case): a completely positive trace-preserving
are CPTP maps for all i, and ν(i) is a probability distribution [14] . We then introduce the following definition:
if and only if there exists an LOSR transformation mapping
It is a rather straightforward exercise to prove that the relation implies the relation nl . In fact, AB nl (E i ⊗ F i ) AB trivially holds for all i. On the other hand, the payoff achievable with the convex combina- 
, for some probability distribution ν(i) and some local states γ i ∈ S(H A ) and χ i ∈ S(H B ). Then, there always exists a "discard-and-
These two facts together make it easy to verify that, in any nonlocal game G nl , all separable states yield exactly the same payoff ℘ sep (G nl ). This remark will be useful in what follows.
Semi-quantum nonlocal games.-At this point, the question of whether the implication can be reversed, i.e. whether the relation nl implies or not, naturally arises, and its answer is "no". Let us consider in fact those entangled quantum states (called LHVPOV states [4] ) for which a local-hidden-variable model exists, describing the outcome statistics of every local POVM measurement performed on them. This means that, for any nonlocal game G nl , the expected payoff obtainable from such entangled states never exceeds that obtainable from separable states. However, it is impossible to create an entangled state (even if LHVPOV) by acting with LOSR transformations on separable states. This proves the claim that nl does not imply . The relation nl is too weak to imply . We hence introduce a stronger version of nl , by suitably enlarging the set of nonlocal games we consider. The extended notion of nonlocal games we need is the following: Definition 4. The rules of a semi-quantum nonlocal game G sq consist of: four index sets S = {s}, T = {t}, X = {x}, and Y = {y}; two quantum systems A 0 and B 0 ; two random sources τ = ({p(s), τ s }; s ∈ S) and ω = ({q(t), ω t }; t ∈ T) on A 0 and B 0 , respectively; a payoff function ℘ : S × T × X × Y → R. A referee picks indices s ∈ S and t ∈ T at random with probabilities p(s) and q(t), and sends the corresponding states τ s and ω t to Alice and Bob, respectively (without revealing the actual indices s and t though). The two players, without communicating with each other, must compute answers x ∈ X and y ∈ Y, respectively, and send them to the referee, who will then pay them both an amount equal to ℘(s, t, x, y).
In other words, while in conventional nonlocal games the referee asks the players "classical" questions, in semiquantum nonlocal games the referee is allowed to ask them "quantum" questions. Clearly, semi-quantum nonlocal games contain, as special cases, conventional nonlocal games (Def. 1), whenever the states that the referee sends to Alice and Bob are perfectly distinguishable, i.e. "classical". The situation is depicted in Figure 1 .
In a semi-quantum nonlocal game (Def. 4), while players still reply with "classical" answers, the referee is allowed to ask "quantum" questions. Whenever the signals τ s and ω t are perfectly distinguishable, i.e. classical, the case of conventional nonlocal games (Def. 1) is recovered. By means of semi-quantum nonlocal games, it is possible to show that all entangled quantum states are nonlocal (Cor. 1).
As in the case of conventional nonlocal games, the two players are allowed to share a bipartite quantum state, say AB , so that the expected payoff ℘ * ( AB ; G sq ) is given by the same formula (1), the only difference being that the joint conditional probability distribution µ(x, y|s, t) is now computed as
Analogously to what was done before, we can compare the nonlocal utility of two quantum states for all semiquantum nonlocal games and introduce the following relation:
Definition 5. Given two bipartite states AB ∈ S(H A ⊗ H B ) and σ A B ∈ S(H A ⊗ H B ), we define the relation AB sq σ A B , meaning that ℘ * ( AB ; G sq ) ℘ * (σ A B ; G sq ), for all semi-quantum nonlocal games G sq .
Since semi-quantum nonlocal games contain conventional nonlocal games as a special case, the relation sq implies the relation nl . Moreover, along the same line of thoughts used above to show that implies nl , it is straightforward to prove that also implies sq .
A fundamental equivalence.-We are now ready to state the main result of this letter: Proposition 1. Given two bipartite states AB and σ A B , AB sq σ A B if and only if AB σ A B .
The proof of Prop. 1 is based on arguments very similar to those used in Ref. [15] , and crucially uses the Separation Theorem between convex sets [16] . Being rather technical in nature, we omit it here, pointing the interested reader to the supplemental material accompanying this letter [17] . Here we only discuss one important consequence of our main result, that is, Prop. 1 implies that any entangled state is strictly more nonlocal than every separable state, as stated in the following corollary: Corollary 1. In any semi-quantum nonlocal game G sq , all separable quantum states yield exactly the same payoff ℘ sep (G sq ). Moreover, a quantum state AB is entangled if and only if there exists a semi-quantum nonlocal game G sq , for which ℘ * ( AB ; G sq ) > ℘ sep (G sq ).
In other words, any entangled quantum state has a form of nonlocality, which is "hidden" [11] for conventional nonlocal games (and hence Bell inequalities), but becomes apparent when playing semi-quantum nonlocal games. The proof of the above corollary is a direct consequence of the fact that separable states, being the endpoints of the relation , are also the endpoints of the relation sq , due to the equivalence established by Prop. 1.
An example.-In order to illustrate the superiority of semi-quantum nonlocal games, with respect to conventional ones, in witnessing entanglement, we describe now the example of a semi-quantum nonlocal game, in which every entangled state gives rise to joint questionanswer probability distributions that cannot be explained as coming from any separable state, even if supplemented with an unlimited amount of shared randomness. This is true also for entangled LHVPOV states, which are instead completely indistinguishable from separable states, if only conventional nonlocal games (Def. 1) are considered. The example, directly stemming from the proof of Proposition 1 (see [17] ), is described here only in the case of two-qubit states; we remark, however, that the same construction can be easily carried over to any finite dimensional case.
In our example, S = T = X = Y = {1, 2, 3, 4}, the auxiliary quantum systems used by the referee to encode her questions are represented by two qubits, i.e. H A0 ∼ = H B0 ∼ = C 2 , and the "question states" are the four tetrahedral states |ψ 1 , |ψ 2 , |ψ 3 , and |ψ 4 defined by Davies [18] . Notice that the choice of the question states is somewhat arbitrary: the important point is that their density matrices constitute a basis for the linear space L(C 2 ). (The definition of the probability distributions on S and T, as well as that of the payoff function, are not necessary for our argument and can be omitted.)
Given a two-qubit state AB , let us consider the joint conditional question-answer probability distribution µ(x, y|s, t ) computed as
where B 1 , B 2 , B 3 , B 4 are, respectively, the four orthogonal Bell measurements on Φ + , Φ − , Ψ + , Ψ − . In the process of proving Prop. 1 (see [17] ), it is also shown that, in particular, the two-qubit state AB is entangled if and only if, for any (possibly higher-dimensional) separable state σ A B and for any possible POVMs P ∈ M (A 0 A ; X) and Q ∈ M (B B 0 ; Y), µ(x, y|s, t ) =
In fact, one can easily check, following the proof of Prop. 1, that an equality in the above equation, for some separable state σ A B and some POVMs P and Q, would imply the existence of an LOSR transformation mapping σ A B into AB , hence leading to a contradiction, due to the fact that LOSR transformations cannot create entangled states from separable ones. In other words, the state AB is entangled if and only if the joint conditional probability distributionμ(x, y|s, t ), computed in Eq. (2), is out of reach for any possible separable state, even with the help of unlimited shared randomness (represented here by the possibility of σ A B being on a higher-dimensional Hilbert space).
Multipartite states.-Before concluding, we remark here that our approach can be straightforwardly extended to consider multipartite LOSR transformations
, and so on, are all CPTP maps, for all i. This can be done by considering multipartite semiquantum nonlocal games, in which all the players independently receive their "quantum questions" from the referee, and by following the same arguments used to prove the bipartite case.
Conclusions.-We showed that one quantum state can be transformed into another by means of an LOSR protocol, if and only if the former is "more nonlocal" than the latter, where nonlocality is quantified by means of semiquantum nonlocal games (Def. 5). As a by-product, we obtained a clear-cut proof that any entangled quantum state is always nonlocal, a fact that should be considered in light of previous works reaching the same conclusion, although from very different routes [11] . In order to support our analysis and show the superiority of semiquantum nonlocal games, with respect to conventional ones, in witnessing entanglement, we also provided an explicit example of a semi-quantum nonlocal game, in which any entangled state gives rise to joint questionanswer probability distributions that cannot be explained classically, even if an unlimited amount of shared randomness is granted. Proof of Proposition 1. We explicitly prove only the non-trivial direction, i.e. the "only if" part of the statement.
We start by making the following observation: the payoff function ℘ * ( AB ; G sq ) contains a maximization over local measurements P ∈ M (A 0 A; X) and Q ∈ M (BB 0 ; Y) on Alice's and Bob's systems, respectively. The set of local measurements does not constitute a convex set, in the sense that a convex combination p(P ⊗ Q ) + (1 − p)(P ⊗ Q ), for P , P ∈ M (A 0 A; X) and Q , Q ∈ M (BB 0 ; Y), in general cannot be written as P ⊗ Q, for any P ∈ M (A 0 A; X) and Q ∈ M (BB 0 ; Y). However, since the function
is linear in the POVMs P and Q, we can extend it by linearity to any convex combination i ν(i)P Since a linear function is, in particular, convex; since a convex function on a convex set achieves its maximum on the extremal points of such set; and since the extremal points of Co{M (A 0 A; X) ⊗ M (BB 0 ; Y)} are, by construction, local POVMs, we have that
For any choice of S, T, X, Y, A 0 , B 0 , τ, ω (the meaning of the notation is the same as in Def. 4), let us now consider the set of probability distributions defined as follows :
Due to the identity (3), we have that
µ∈P( AB ;S,T,X,Y,A0,B0,τ,ω) s,t,x,y µ(s, t, x, y)℘(s, t, x, y).
The crucial point, now, is that, by construction, the set P( AB ; S, T, X, Y, A 0 , B 0 , τ, ω) is convex, as it inherits the convex structure from Co{M (A 0 A; X) ⊗ M (BB 0 ; Y)}. Therefore, following the same arguments presented in more detail in [15] , as a consequence of the so-called "separation theorem" for convex sets [16] , Def. 5 can be reformulated in the following way:
for any choice of S, T, X, Y, A 0 , B 0 , τ, ω.
More explicitly stated, AB sq σ A B if and only if, for any choice of S, T, X, Y, A 0 , B 0 , τ, ω, and for any POVM
for all s ∈ S, t ∈ T, x ∈ X, and y ∈ Y. Let us now choose A 0 and B 0 to be such that H A0 ∼ = H A and H B0 ∼ = H B . Moreover, let us introduce two further auxiliary quantum systems A 1 and B 1 , with H A1 ∼ = H A0 ( ∼ = H A ) and H B1 ∼ = H B0 ( ∼ = H B ). Next, let us choose (τ s ; s ∈ S) on A 0 to be given by
and (ω t ; t ∈ T) on B 0 by
where Ψ + denotes a maximally entangled state and the two POVMs Θ ∈ M (A 1 ; S) and Υ ∈ M (B 1 ; T) are both informationally complete (i.e. their linear span coincide with L(H A1 ) and L(H B1 ), respectively). Then, Eq. (4) Due to the fact that the POVMs Θ and Υ have been chosen to be informationally complete, we arrive at the following conclusion: if AB sq σ A B , then, for any choice of outcome sets X, Y and POVMs P ∈ M (A 0 A ; X) and Q ∈ M (B B 0 ; Y), there exists a POVMZ ∈ Co{M (A 0 A; X) ⊗ M (BB 0 ; Y)}, such that
for all x ∈ X and all y ∈ Y.
Let us now choose X and Y such that |X| = (dim H A ) 2 and |Y| = (dim H B ) 2 , and the POVMs P and Q to be the generalized Bell measurements on A 0 A and B B 0 , respectively. With this choice in mind, let us denote the right-hand side of (5) 
Finally, by expanding the POVM elementsZ 
